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Abstract-In this paper, we synthesize nested For-loops with 
partitions on the innermost loop. First, we present a nonlinear 
transformation algorithm to exploit the parallelism of the For- 
loops. By the mapping of nonlinear transformation, iterations 
of For-loops can be executed in a parallel form. The proposed 
algorithm is useful in exploiting the parallelism of For-loops 
with one or more partitions on the innermost loop. Then, we 
also design algorithms to partition and map the nested For-loops 
onto the fixed size systolic arrays. Based on the time and space 
mapping schemes, all the iterations of For-loops can be correctly 
executed on the array processors in a parallel form. 

Index Terms- Data dependence, hyperplane method, nested 
For-loops, parallel processing, systolic arrays. 

I. INTRODUCTION 
OR-LOOPS are widely used in programs such as matrix F multiplication, recurrence evaluations, Gaussian elimina- 

tion, LU decomposition, shortest path finding, and a version 
of discrete Fourier transform which spend a large amount 
of computing time. Since For-loops are the main source of 
parallelism in programs, it is attractive for researchers to 
exploit their parallelism. Although For-loops offer a large 
amount of parallelism, it is sometimes difficult to identify 
the parallelism. In order to exploit the concurrence operations 
of For-loops, it becomes necessary to construct the data 
dependence graph which indicates the dependence relations 
between statements [2], [4], [6], [ l l ] ,  [14]. The analysis of 
data dependencies in high-level language programs for the 
purpose of detecting concurrence of operations has drawn con- 
siderable attention. Kuck [5] has exploited the parallelism of 
simple loops and introduced the notion of dependence relations 
between assignment statements. Banerjee [ 11 extended the 
methodology of transforming ordinary programs into highly 
parallel forms. With investigation based upon dependencies 
between statements, they have provided algorithms for ex- 
ploiting parallelism in loops. 

Several approaches on the analysis of parallel execution 
of For-loops are based on the iteration level [2], [9], [11]. 
Lamport [6] tried to execute the loop body concurrently for 
all iterations which do not have any dependence relations 
between them. Moldovan [ 111 mapped n-dimensional For- 
loops to a t-dimensional time hyperplane and s-dimensional 
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space hyperplane, where n = s + t. Lee [7], [8] proposed 
the necessary and sufficient conditions for mapping the For- 
loops onto special purpose VLSI systolic linear arrays and 
multidimensional arrays. 

It is a simple and fast method to use a linear transformation 
function to identify the execution time of each index point 
for constructing the parallel executable For-loops. However, 
for many algorithms, there is more than one partition on the 
innermost loop. If algorithms have partitions on the innermost 
loop, the degree of parallelism may not be improved by 
using the linear function. Therefore, we propose the nonlinear 
transformation functions for solving such For-loops. First, 
we propose a nonlinear time transformation algorithm to 
parallelize the execution of For-loops. Then, we construct the 
structure of systolic arrays and map each iteration of For-loops 
onto a processing cell of VLSI systolic arrays by using the 
proposed space mapping algorithm. Besides, we discuss how 
to partition the For-loops when the number of processors is 
fixed. Algorithms and examples are also given to show how 
to map all the iterations onto the systolic arrays structure and 
perform in a parallel form. 

The rest of this paper is organized as follows. In Section 11, 
we introduce the linear transformation method and then state 
the For-loops model and basic concepts of the nonlinear 
transformation method. In Section 111, we will propose the 
nonlinear transformation algorithm for parallelizing the exe- 
cution of the For-loops model. In Section IV, we present an 
approach to space transformation and discuss how to partition 
the For-loops into bands that are suitably executed on fixed 
size systolic arrays. Finally, some conclusions are given in 
Section V. 

11. BACKGROUND AND BASIC CONCEPT 

During parallel execution of a program, data dependence, 
which defines a partial execution order on the statements of a 
program, must be observed in order to preserve the semantics 
of the program. A data dependence is defined between two 
statements (not necessary distinct) S1 and Sp, if a scalar or 
array variable is generated by SI and then used in 5'2. We 
denote this relation by symbol S1 + 5'2. Let I denote the set 
of all positive integers and I n  denote the set of n-tuples of 
positive integers. The index set of a loop body is a subset of 
I n  and is defined as 

J = { ( j l > . . . > j n ) I l ~  Ijl S ~ ~ j . . . , l n I j n < ' ~ ~ n }  

where n is the depth of the nested loop, and li and U ,  

are the lower bound and upper bound corresponding to the 
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index variable ji in a sequential loop program. Assume 
that the data dependence relation exists in two statements 
S1 and 5'2 and &(A)  + S2(5 ) ,  where and j 2  E I" [2 ] .  
The data dependence vector is defined by d = j 2  - ; I .  

The positive value of dependence vector d indicates that the 
execution of two statements & ( ? I )  and Sz(j2) performs with 
d iterations difference. 

The hyperplane method proposed by Moldovan [ 111 applies 
a linear time function II to transform each d into IId. To 
ensure a correct execution order, TI must satisfy the condition 
IIdi > 0 for each dependence vector di. Assume that any 
single computation or set computations performed at one index 
point E I" takes one unit time; thus, a computation indexed 
by j in the original algorithm will be processed at time IIj. 
By using this transformation function TI, the iteration indexes 

and j 2  E I" satisfied I I ( j l )  = I I ( j 2 )  can be executed 

of two partitions Pl and P2, respectively. Let J r  and J," 
denote the corresponding index sets performing on partitions 
PI and P2, respectively. There are three cases of dependence 
relation between J r  and J,". 

Case 1: Some iterations of J; data dependent on some 
iterations of J r .  

Case 2: Some iterations of 51" data dependent on some 
iterations of J,". 

Case 3: Both of case 1 and case 2 hold. 
In order to simplify the discussion, we define the following 

Definition 2-1: A dependence vector d, is an interdepen- 

d, E D1 and 3 3 E 5; such that j - d, E J," or 

d, E D2 and 3 j E J," such that - d,  E 5;. 

terms: 

dence vector, denoted as e, if 

concurrently. The hyperplane method is an easy way for 
mapping the original loops to a parallel form. However, if 
there are some partitions on the innermost loop, the degree of 
parallelism is inverse proportional to the number of partitions 
by using the hyperplane method. We consider the model of 

Let DP and D; denote the matrices of interdependence vectors 
of partitions PI and P2, respectively. The interdependence 
matrix De is defined as De = DP U 0;. 

Definition 2-2: The interdependence index set J" is defined 
-- as n-nested For-loops with p partitions on the innermost loop. 

Let Pi denote the ith partition in the innermost loop body and 
J p  denote the corresponding index set performing on Pi. The 
loop form can be viewed as follows. 

For j1 = 11 to u1 by I C l  

J" = { j l j  E 5; and j - di E J,"} 
U { j  - E 5; and 3 - d;  E J,"} 

U {jlj E J," and j - dj E 5;) 
U {j - d j l j  E J," and j - d j  E 5;) 
for all di E D1 and dj E D2. 

For j,-l = 1,-1 to u,-1 by kn-j 
For j ,  = 1; to U: by 

End j ,  
For j ,  = 1; to ut by IC; 

End j ,  

Pl 

p2 

For j ,  = 1; to U: by k; 

End j ,  
PP 

End j7L-l 

The values of l i  and ui are the lower bound and upper 
bound corresponding to the index variable ji, and the values 
of 1; and U;  denote the lower bound and upper bound of 
index variable j ,  on partition Pi. Assume that there is no 
overlap on the index set of different partitions in the nested 
loops algorithm. Without loss of generality, we assume that 

We first consider the For-loops model with two partitions 
and the model with p partitions can be examined in the next 
section. Assume that D1 and D2 are the dependence matrices 

1;+1 = U: + 1 for 15 i L p -  1 and ICj = 1 for 15 j 5 n. 

To illustrate the ideas of the nonlinear transformation method, 
we start with the following example. 

3xample 2.1: 

For j ,  = 0 to 5 
For j2 = 0 to 2 

End j 2  

For j 2  = 3 to 5 

End j 2  

A(j1,jB) = A(j1 - l , j2  + 1) + A(jl  - L j 2 )  

A( j l , j 2 )  = A(j l , j2  - 1) * A h  - 2 , j 2  + 1 )  

End j 1  

In this example, the two-dimensional index set J = { ( j l ,  
j2)  10 5 j l  , j 2  5 5 )  has two partitions on the innermost loop. 
We have 

J1" = {(h, j2)10 L j 1  I 5 , 0  L j 2  5 2 )  and 

522 = {(jl,j2)10 L j l  L 5 , 3  5 j2 L 5 ) .  

The index dependence graph can be shown in Fig. 1. We can 
easily find four dependence vectors in this example: 

t -  
d1 = (1, -1) = q1 d 2  = ( l 1 0 y ,  

d3 = (0, l ) t  = G, and d4 = (2, - l ) t .  

The dependence matrices D1 and 0 2  corresponding to parti- 
tions PI and P2 are 
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Proof: Necessary: Assume that d is an interdependence 
vector E D,". Since d = (al, 132, . . . , a,) is a dependence 
vector, there at least exist two iterations E JF and j 2  E 
J," such that j 2  = 3 1  + d .  Let j2 = (bl, b2, . . . , b,) and 

= (cl, c2, . . , c,). This implies a, = b, - c, > 0. 
Furthermore, we want to prove the right side of the nonuniform 
equation. Because d E D2, there exist at least two indexes 
1 2  and 1; E J," such that 3:; = j2 + 2. Let = 
(bi, ba, . . . , bk), then bk - b, = a,. Since 1: 5 b; I U: 

and 1: 5 b, 5 U:, it implies that b; - b, 5 U: - 1;. Thus, 
a, < U: - 1; + 1 is satisfied. 

Suficient: Assume d E D2 and 0 < a, < (U: - 1; + 1). 
We will prove that d is an interdependence vector. That is, we 
only need to prove there at least exists one pair of indexes 
(jl,j2) such that E J;",j2 E J,", tnd j 2  = 3 1  + 2 for 
d E D2. Let j2 = (bl, b2, + . . , b,) and jl = (cl, c2,. . . , c,). 

0 1 2 3 4 5 J 1  

Fig. 1. The index dependence graph of Example 2.1. 

respectively. Obviously, from the index dependence graph 
as shown in Fig. 1, the interdependence index set is J" = 
{(j1,j2)10 I jl I 5,2 5 j 2  5 3). By Definition 2-1, we 
can find an index 1 2  = (1,3) E J; that satisfies ?2 - 
23 = (1,2) E J;  and an index = (1,2) that satisfies 
3 1  - d1 = (0,3) E 5;. Thus, the dependence vectors (1, 
and (0, l ) t  belong to the interdependence matrices Dp and D;, 
respectively. That is 

D: = [-:I, D; = [ y ]  and 

De = DY U D: = [-: ;] 
After obtaining the interdependence matrix De and index 

set J", we can determine the parallel execution order of each 
index in each partition with a linear transformation function. 
All the indexes belonging to J; and J; will be mapped by the 
linear transformations rI*' and rI*2, respectively. However, 
this mapping will ignore the interdependence relations between 
partitions PI and P2. In order to preserve the valid execution 
order, some delay Cj should be added to each index j .  

In the next section, we will discuss how to determine the 
interdependence matrix De,  index set J", and the delay Cj 
for each index j .  

The relation j2 = j1 + 2 implies that b, = c, + a,. If we 
take 1, I bi 5 ui for each i I n - 1 and b, = l;, then it 
is obvious that 1 2  E J;. Since 0 < a, < (U: - 1: + 1),  it 
implies that 21: - U: - 1 5 b, - a,  5 1: - 1. Therefore, 
21: - ut - 1 5 c, 5 1: - 1. That is, c = (c1, c2,. .. , c,) falls 

U 
Lemma 3.2: A dependence vector d = (al, a2, . . . , an) E 

in 5;. The proof is completed. 

Dp if and only if 

- (U;  - 1: + 1) < a, < 0. 

Proof: The proof of Lemma 3.2 is similar to Lemma 3.1 
and we omit the detail. 0 

Applying Lemmas 3.1 and 3.2 to Example 2.1, we can 
determine that d 1  and d 3  are the interdependence vectors and 

Suppose that the interdependence vectors are bidirectional, 
and U: and a; are the maximal absolute values of the nth 
element of all the interdependence vectors corresponding to 
D: and D,", respectively. Then, the interdependence index set 
J" can be derived from checking the length of the nth element 
value of the interdependence vectors by the following lemma. 

Lemma 3.3: The interdependence index set J" is the union 
of JF and Jg, where 

thus De = [21d3]. 

111. THE NONLINEAR TRANSFORMATION ALGORITHM Proof: Let de = (al,a2,.~~,a,-l,a~) be an interde- 

In this section, we will describe the nonlinear transformation 
algorithm for the nested For-loops with partitions on the 
innermost loop. First, we consider the loops with two par- 
titions on the innermost loop. Before describing the nonlinear 
algorithm, we will prove some lemmas for determining the 
interdependence matrix De and interdependence index set J". 

Lemma 3.1: A dependence vector d = (al, a2, . . . , an) E 
DS if and only if 

0 < a, < (U; - 1: + 1). 

pendence vector E DS. Assume = (cI,c~,...,c,) E 
J,",j2 = (b1,b2,...,bn) E J,", and 1 2  = j1 + d e .  Then 
Cn = b, - U:. Since a: is a known fixed value, the minimal 
value of c, occurs when b, = 1; = U: + 1 and then 
U, + 1 - ai I b, - ai .  Since E J;", it is clear that 
Cn 5 U:. Thus, we obtain U: - U: + 1 5 c, 5 U;. This 
proves that 

1 

51" = {(j1,j2,..',jn)lh I ji 5 ui, 
for i I n - 1; U: - ai + 1 5 j ,  I U:}. 
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Similarly, we can derive the interdependence index set 

Applying Lemma 3.3 to Example 2.1, we obtain a$ = 
1 and a$ = 1. The two interdependence index sets are 

51" = {(jiij2)10 5 ji 5 5 , 2  5 j 2  5 2) and 

J," = {(jl,j2)10 L jl 5 5 , 3  L j z  5 3 ) .  

Thus, the interdependence index set J" is shown in Fig. 1. 

A.  Nonlinear Transformation Algorithm for For-loops with 
2-Partitions 

In order to preserve the correct execution order of indexes 
in each partition, the linear transformation functions should 
satisfy the constraint described in [ll]: 

II*ldi > 0, rI*Zdj > 0 
for each di E D1 

and each dj E D2. (3.1) 

However, in our nonlinear transformation method, one more 
constraint is required. Now, let us consider the following 
fraction of index dependence graph as shown in Fig. 1 with 
deleting the dependence vector d 2 .  

j 2  = (3,3) 
J,e. . . .  0 0 . . .  0 

T \ T  
J ~ o  ... .., 

j1 = ( 3 , 2 ) j 3  = (4 ,2)  

If we take II*l = (0, -1), then indexes 71 and 1 3  can be exe- 
cuted concurrently. However, j 2  depends on j1 and j 3  depends 
on j 2 .  The partial order relation j1 + j g  contradicts to the 
arrangement of concurrent execution of j1 and &. To avoid the 
occurrence of this situation, the linear transformation function 
II*l and II*' should also satisfy the following conditions: 

in the index set J " ,  the execution of 51" and J," should be 
adjusted such that their execution order can also guarantee the 
precedence relations in J".  Let us now consider the case 3 
of the dependence relation existing between JT and JT. We 
try to derive a formula for determining the delay C; of each 
index 3. For simplicity, we will start from the assumption 
that the interdependence matrices DT and Dg both consist of 
one interdependence vector. Let Df = {d'} and DZ = (2). 
Later, we will discuss how to determine the delay of each 
index when the interdependence matrix consists of more than 
one interdependence vector. Assume that the execution time 
of index 3: is 

II1(j) = II*'(j) + Cj for each j E J" fl 5; and (3.3) 

I12(j) = II*2(j) + C; for each j E J" n J:. (3.4) 

In order to preserve the correct execution order of each index 
in J " ,  the following two equations should be satisfied: 

I11(j)-I12(j-d1) = II*l(d') for 3 E J;  and 3-2' E J," 
(3.5) 

I12((?)-I11(j-d2) = II*2(d2) for 3 E J," and j - d 2  E JF. 

(3.6) 

Substituting (3.3) and (3.4) into (3.5), we obtain 

9 - d  -1 c7 = (n*2 - I I* ' ) ( j  - 21) + 
for j E J r  and 7 - d 1  E J,". 

Similarly, substituting (3.3) and (3.4) into (3.6), we obtain 

c,- = p*l - l J*2 ) ( j  - 2 2 )  + CY 3 -d - 2  

for j E J," and 3 - d 2  E 5;. 

The delay of index j E 51" can be derived from the index 
j - d1 and its delay Cj-zl. Since index j - d1 falls in the 
region of the set J," and index j - d1 - d 2  falls in the region 
of set J?, we can obtain a recursive equation by the following 
derivation: 

c: = (n*2 - H*l)( j  - 21) + cy II*'(c + q)  > 0 and rI*'(G + $) > 0 3 -d 

= (D*2 - rI*l)(P) + Cj-&@ 

-l 

for all E DY and 4 E D,". (3.2) = (n*2 - H*l>( j  - 21) 
+ ( H * 1  - r I * 2 ) ( j  - d1 - 22) + Cj-&$ 

Let PI and P2 be two partitions on the innermost For- 
loop and J? and J," be their corresponding index sets. 
Assume that II*l and II*' are the chosen linear transformation 
functions corresponding to 51" and J?, i.e., II*l : 51" + 

Seql and 11*2 : J," ---f Seq2, where Seql and Seq2 are 
the mapped execution sequences corresponding to sets 
51" and J g ,  respectively. If the linear transformation functions 
II*' and 11*2 satisfy the conditions (3.1) and (3.2), then there 
exists at least one executing sequence that can combine 
original sequences Seql and Seq2 such that the total execution 
order is correct. 

We now focus on combining these two sequences 
which are determined by the linear transformation functions 
II*' and II*'. Since there exist some interdependence vectors 

where C; is the delay of index j E 51" and Cj-ay-12 is the 
delay of index j - d 1  - d 2  E 51". Assume that j ,  E JF is 
the first execution index with a delay Cj%, we will express the 
delay Cjz of index j by Cjt and j 2 .  Given the value of CjZ 
and jz, we can compute the delay of each index j by 

c- 3,+d1+d2 - - - - (II*2 - rI*l)(d2) + Cj% 

= 2(rI*2 - II*l)(d2) + cjz 
c,-z+2&+2$ = (11*2 - rI*l)(d2) + Cj*+&+& 
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where Cj is the delay of index 
of index ji E 51". Similarly, 

E JY and Cj% is the delay 

where Cj is the delay of index j E J," and Cjt is the delay of 
index ji E J,". Thus, the nonlinear transformation formula is 

P ( j )  = H*'(j) + cj 
- -  . .  
3 -3 i  

dl + dz 
for E JF n J" and 

where Cj = -(II*' - II'')(d') + Cj;, 

II'((?) = rI*'(j) + cj 
- -  

where Cj = -(n*' - II*')(d')  + Cjt, 
d l  + d2 
for j E J; n J".  (3.7) 

Equation (3.7) is derived under the assumption of Df = 
(2') and DZ = (2'). In fact, there may exist more than 
one interdependence vector in the interdependence matrices 
D; and DE. The following lemma will show how to determine 
the interdependence vectors 8 and d' in formula (3.7) when 
there exist at least two interdependence vectors in D; and D;. 

Lemma 3.4: Assume that more than one interdependence 
vector is in 0; and 05. Then the choice of d' and d' that 
satisfy 

II*'d' = min{II*'z} for V c E D; and 
II*'d' = min{II*'$} for V dj" E Dg 

will preserve the same data dependence relation in index set 
J" after the time transformation. 

Proofi Without loss of generality, let Df = {%1 G,:. . , 
3)andindexjdependonindexesj  - @ , j  - d z , . . . , j  - 
d i .  In order to preserve the same data dependence relation in 
J " ,  we need to add a delay Cj to index j such that the index 
j is performed after the indexes j - e,? - G , . . . , ?  -e. 
Thus, we only need to find the last executed index - 4 in 
indexes { j  - e,? - G , - . . , j  - 3) and add the delay Cj to 
index such that index j is performed after the last executed 
index j - d,". Then the execution of index j will be performed 
a f t e r a l l t h e i n d e x e s j - @ , , ! - G , . . . , ? - e  . S i n c e ? - 4  
is the last executed index in set { j  - e,j - G ,  ... , j  - e}, 
it is obvious that 

n*"j - $) = 

max{n*'(j - $1, n*'((? - G ) ,  . . . , II*'(,! - &)I. 
That is, II*"j - 4) - n*'((j - $) 2 0 or II*2(@) 5 
II*' (G) for V $ E D: and $ # e. This implies 4 = 2'. 
Similarly, we can prove the case of II*'d2 = min{II*'dje} for 

From (3.7), we need to find two linear transformation 
functions II*' and II*' for partitions PI and Pz, respectively. 

Vldj" E 04. This completes the proof of Lemma 3.4. 

The transformation functions rI*' and II*' must satisfy the 
following conditions: 

II*'& > 0 and II*'dj > 0, 

II*'(z + d j " )  > 0 and 
for V di E D1 and V d j  E DZ 

II*'(c + 4) > 0, 
for V E DT and V/dj" E DZ. 

(3.8) 

After this arrangement, each index j' that does not fall in the 
region of J" can adjust its execution time by adding the delay 
Cj if indexes ?' and j are transformed to the same execution 
time and E J".  

Algorithm: Nonlinear Transformation for For-loops with 
2-partitions 
Input: An n-dimensional nested For-loops algorithm with two 
partitions on the innermost loop. 
Output: A parallel executing sequence for each index E J.  

Step 1: Determine the dependence vector matrix D. 
Step 2: Determine the interdependence matrix De by ap- 

plying Lemmas 3.1 and 3.2. 
Step 3: Determine the index set J" by applying Lemma 3.3 

if De is not an empty set. 
Step 4: Find two linear transformation functions II*l and 

II*' such that II*l and II*' satisfy the condition 
(3.8). 

Step 5: Using (3.7) to rearrange the executing order of each 
index j E J".  

Step 6: Rearrange the executing time of each index that 
falls out of the index region J" by adding the delay 
Cj if indexes j' and j have the same execution 
order and j E J".  

By this algorithm, the total computing time of the original 
For-loops algorithm is 

T = max{max(II'j) - min(II'j), max(II'?') 
- min(II'j')} 

= max{rnax(II*lj + cj) 
- min(II*lj  + ~ j ) ,  max(II*'j' + ~ j , )  

- min(II*'j' + Cj,)}, where 3 E J r  and 3' E J,". 

Now, let us consider the For-loops algorithm in Exam- 
ple 2.1. The De and J" are obtained in Section 11. In step 4 
we choose II*' = ( 1 , O )  and II*' = (1, l), which satisfy the 
constraint (3.8). Let ji = (0,2) and Cji = 0. We can evaluate 
the executing time of each index j in J".  For example, the 
delay of index j = (3,2) is evaluated as follows: 

- -  . .  
(H*' - II*')(d3) + cjt = -1 - 3i 

dl  +dz 
= O ( 0 ,  l ) ,  (0 , l )  + 0 = 3. 

(110) 
The executing order of index (3,2) is 

II1(j) = II*'(?) + Cj = (1,0)(3,2) + 3  = 6. 

All the indexes can be examined in such a way. The parallel 
execution order of the For-loops in Example 2.1 is shown in 
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J 2  t 

0 1 2 3 4 5 J, 
Fig. 2. The parallel execution order of Fig. 1. 

Fig. 2. Note that all the indexes grouped by a bold line can 
be executed concurrently. 

For comparing the total executing time of using linear and 
nonlinear transformation method, we assume that index set 
J = {(jl,jz)}IO I jl I N,O I j z  I N }  and 

51" = {(jl,jZ)IO I jl I N,O I j z  I LN/21} 
J," = {(jl,jZ)IO I jl I N ,  lN/2] + 1 I j ,  I N } .  

The total execution time TI by using linear transformation 
method with II = ( 2 , l )  is 

The total execution time T2 by using our algorithm is 

T2 = max{max(II*lj + Cj) - min(II*'j + Cj), 
max(II*'j' + ~ j , )  - min(n*'j' + cj,)} 

= max{2N, 2 N  + N - (LN/2] + 1)) 
= 3N - LN/2J - 1. 

Thus, the ratio of total execution time improved in this 
example by using nonlinear transformation method is 

B. Nonlinear Transformation of For-loops with p-Partitions 

In this subsection, we will consider the case that the 
number of partitions on the innermost For-loop is more than 
two. We assume that there only exist dependence relations 
between any two adjacent partitioned index sets. First, we 
consider the case of three partitions on the innermost For-loop 
and then consider the case of p partitions on the innermost 
loop, for p 2 3.  Assume that the index set J can be 
partitioned into three subsets J,", JP,  and J;. Let Da denote 
the dependence matrix corresponding to index set J r  , Dtj de- 
note the interdependence matrix between J r  and Jj",  and JZj 
denote the interdependence index set between the index sets 
JF and Jj". The main idea is that we can first determine the 
execution order of each index in set J;" U JF by applying 
the nonlinear transformation method. Then we consider the 
set J;" U J," as a set JP, and determine the execution order 
of each index in set J," U JPz by applying the nonlinear 
transformation method again. Consider the block dependence 
graph with n = 2 as shown in Fig. 3(a). First, we choose 
three linear transformation functions I I * O ,  II*l, and II*'. Each 
pair of I I * O ,  II*', and II*' must satisfy the condition (3.8). 
The execution order of each index j in J;" U JF can be 
determined by using nonlinear transformation function II = 
111' described in Section 111-A. Then, we adopt the same 
procedure when J," is included as shown in Fig. 3(b). Be- 
cause the block dependence graph shown in Fig. 3 is bidi- 
rectional, we can use a nonlinear transformation function 
IIol' to determine the execution time of each index in J," U 
JPz : 

(3.9) 

Now, we want to determine the delay values CjZ and Cj. Let 
AC be the delay time difference of two successive execution 
indexes in J;" . According to the dependence relations between 
sets JP and J,", we have 

n 'y j )  - n"j - 21) = ,*1(,1) + ac 
for $ E D:, j  E J? n J&, and j - $ E J," n J&. 

(3.10) 

1 
7.  (TI - Tz)/Tl = (LN/2J + 2)/(3N + 1) no(?) - p ( j  - 2 0 )  = n*O((p) 

for d o  E D ; , j  E J," n J&, and - d o  E 51" n J&. Note that, if the dependence relations between the parti- 
tioned index sets JP and J," are not bidirectional, formula (3.7) 
can be simplified from the modification of expression (3.3) and (3.11) 
(3.4). If index sets JP depends on index set J,", the formula 
(3.4) can be changed into IIz((?) = II*2(j). Similarly, if index 
set J," depends on index set JP,  we change the formula (3.3) 
into P ( j )  = II*l(j). 

In this subsection, we have described the nonlinear trans- 
formation method for the For-loops with only two partitions 
on the innermost loop. In fact, there may be more than two 
partitions on the innermost loop. We will state the nonlinear 
transformation algorithm for the case of p-partitions in the 
next subsection. 

Substituting (3.9) into (3.10) and (3.11), we have 

n y j )  = I I * 1 2 ( j )  + cy 
- -  

where C;'z = Z ( I I * O  - n*l)(&)) 
- -  

d l  - do 

+Cj% +C+tz+ U A C -  d l  + do Cj 

for j E J F , j  - d 1  E J,", d1  E DGl n D1 
and do E DEl n Do, (3.12) 
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In this example, the index set can be partitioned into three 
subs et s 

J,2 = {(jl,jZ)l 0 I jl L 10,o I j z  I3}, 
J? = {(ji,jz)I 0 I ji I 10,4 I j z  I 7 } ,  
Ji = {(ji , jz)l  0 L ji I 10 ,8  I j z  L 11}, 

and the index dependence graph is shown in Fig. 4. The 
dependence matrices corresponding to sets J t ,  J; ,  and 522 
are 

I Ji 
( b) 

Fig. 3. (a) The block dependence graph of sets J: and J;. (b)  The block 
dependence graph of sets J;2 and J;. 

no(? ) = r I * O ( j  ) + c; 
where Cj 0 -  - ? - ? .  - n*O) (dl) 

- -  d l  - d o  

+ Cr! + > A c  
. .  

j a  d l  + d o  
for ? E J,",? - do E J;, d1 E D& n D1 
and do E D& n Do. (3.13) 

The execution order of the indexes that fall out of the set J& 
can be determined according to the order of the nearest index 

E J,",. Now, let us consider the following example. 
Example 3.1: 

D1 = [' '1 = [d3d4], and 
1 -1 

respectively. The interdependence matrices are 

By applying Lemma 3.3, we obtain the interdependence 
index sets 

J& = {(jl,jz)10 I j1 5 10 ,3  I j z  L 4) and 

J,", = ( ( j1 , j~ ) lO  I jl I 10,7 I j z  I 8)- 

First, we select linear transformation functions I I * O  = 
(1, - l) ,II* '  = (l,O), and II*' = (1 , l ) .  Applying the nonlin- 
ear transformation algorithm on the index sets J;" and J,", we 
can determine the execution order of each index j E J;" n J;. 
Then, we can use (3.12) and (3.13) to determine the execution 
order of index j E J& when the index set 5: is included. For 
instance, given jz = (0,4), Cjt = 0, and Cjtz = 0, the delay 
of index j = (6,4) can be obtained by 

3 dl +dO 

- -  . .  
CP = 2z...k p * o  - n*l) (20) + c;* 

Thus, the execution order of index (6,4) is 

no'"(?) = n'"(j> + cy 
= rI*'(j) + Cj + CiZ = 6 + 6 + 0 = 12. 

Given j i  = (0,3) and CG 3% = 3, the delay of index (6,3) can 
be obtained by 



SHEU AND CHANG: SYNTHESIZING NESTED LOOP ALGORITHMS 311 

J2 

11 

10 

9 

a 

7 

6 

5 

4 

3 

2 

1 

0 

F Jr 
0 1 2  3 4 5 6 7 8 9 1 0  

Fig. 4. The index dependence graph of Example 3.1. 

Thus, the execution order of index (6, 3) is 

H0l2((j) = Il*'(?) + Cj = (1, -1)(6,3) + 9 = 12. 

All the indexes can be examined in such a way and the 
transformed order can be correctly executed in the parallel 
form. The final result of parallel execution order is shown 
in Fig. 5. All the indexes grouped together and marked with 
the same number can be executed concurrently. Based on the 
above derivation, we will describe the nonlinear transformation 
method when the number of partitions on the innermost loop is 
p for p 2 3. First, we select p linear transformation functions 
II*', H*', . . . , II*P-'.These p transformation functions should 
satisfy the following conditions: 

II*'d] > 0 

.*'(e +G) > 0 

.*'(e + e) > o 

for 0 5 2 5 p - 1 and V 2, E D'; 

for 0 5 i 5 p -  2; 

for 0 5 z 5 p - 1; 

E DZ+l and V I$ E DZ-l. V 3 E D:,V (3.14) 

The p partitions can be combined into rp/2] sets, that is, 
Sy, S:, . . . , Sil, where p l  = [p/21. Each index set J," 
belongs to the set S; if j = Li/2]. For example, the set SA 
consists of J," and JY and the set S: consists of J," and Jg.  
Then we will adjust the execution order of each index in 

set S: by adding some delay, for 0 5 i 5 p l .  The delay 
of each index can be determined by formula (3.7). At the 
second stage, we will combine sets Si, S:, . . . , Sil into p2 
sets Si, S:, . . , Si2, where p2 = [p1/21. Each set S: belongs 
to set S; if j = 12/21. We will adjust the execution order of 
each index in S: by adding some delay which can be derived 
similar to the derivation of formulas (3.12) and (3.13), le-1 for 
0 5 i 5 p 2 .  At stage k, we will combine sets Sk-', . . . , Spk-l 
into p k  sets Sk,...,Sik, where p k  = [(pk - 1)/2]. And 
then we will adjust the execution order of each index in set 
Sf, for 0 5 i 5 p k .  These steps will be continuous until the 
value of p k  is 1. That is, the execution order of each index is 
adjusted under the consideration of p-partitions globally. 

IV. SPACE MAPPING ALGORITHM 

For-Loop algorithms into V U 1  systolic arrays. 

A. Mapping Algorithms into Systolic Arrays 

In this subsection, we first consider the space mapping 
under the assumption that the number of processors is equal 
to the number of iterations. The problem of mapping the 
algorithm into fixed size systolic arrays is considered in the 
next subsection. Before describing our method, we introduce 

In this section, we will be concerned with the mapping of 
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I Ji 
0 1 2  3 4 5 6 7 8 9 1 0  

Fig. 5. The parallel execution sequence of Fig. 4. 

the space mapping proposed by Moldovan [ll]. Moldovan 
proposed a space transformation matrix S to transform each 
index into one cell of systolic arrays. Each cell consists 
of a small number of registers, ALU, and control logic. A 
mesh-connected array processor is a tuple ( Z " - l ,  P )  , where 
Z"-l is the index set of the array and P E Z("-l)'' is 
a matrix of interconnection primitives. The position of each 
processing cell is described by its Cartesian coordinates. The 
interconnection between cells is described by the difference 
vectors between the coordinates of adjacent cells. The matrix 
of interconnection primitives is P = [ plp2 . . . p;-], where 
p ,  is a column vector indicating a unique direction of a 
communication link. 

We can use a utilization matrix K = [k,,] to multiply the 
interconnection matrix P. Each entry k,, of matrix K has a 
positive value to denote the number of utilizations of the j th  
column vector p, in matrix P. The transformation S can then 
be selected such that the transformed dependencies S D  are 
mapped into VLSI array modeled as ( Z " - l ,  P )  . This can be 
written as SD = PK. This equation indicates that the total 
number of steps through interconnection links is equal to the 
distance of two processors that execute two indexes with data 

dependence matrix D. Matrix K = [k+] is such that 

It is possible that some interconnection primitives will not 
be used. These correspond to rows of matrix K with zero 
elements. 

In our space transformation algorithm, there are more con- 
straints needed than Moldovan's space transformation algo- 
rithm. The most important thing is to guarantee the steps of 
data routing must less than or equal to the time difference 
between data generated and data used. Consider the index 
dependence graph in Fig. 2 again, for a fixed index j E J r ,  
we should evaluate the time difference between data generated 
and data used corresponding to data dependence vector d i .  Let 
j k  be an index point in JF n J " ,  and jk+l  be the successor 
of jk according to the time transformation r I 1 .  By applying 
formula (3.6), the difference of the added time delays between 
j k  and jk+l  is equal to a constant, say Cl. That is, the delay 
difference 
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Similarly, the added time delay difference between indexes 
j k , ? k + l  E J; n J" is a constant C2, where 

c2 = - d (n*1 - rI*2) ( d l ) .  
d 1  + d2 

Therefore, if two successive execution indexes with depen- 
dence vector d,  in set J" n JY and set J" n J;, the time 
difference between them are n*'d, + C1 and II*'& + CZ, 
respectively. 

For any two successive execution indexes j k  and j k + l  E 
J:, the space transformation function S should ensure that the 
number of steps of data communication between processors 
S ( ? k )  and S ( j k + l )  is less than or equal to ~ ~ * l d ~  + ~ 1 .  

Similarly, we should ensure that the number of communication 
steps of any successive execution indexes in J; is less than 
or equal to II*2d, + C2. Consider the index dependence graph 
as shown in Fig. 2; all indexes grouped by a bold line can 
be executed concurrently. Let G, denote the execution group 
with execution order i. There are two categories of execution 
groups. The first one is that each execution group has at least 
one index in J" and the second one is that all indexes of 
each execution group do not belong to J".  Consider any two 
successive execution groups G, and G,+1 c 5;. If both of 
them belong to the first category, the execution time difference 
between these two groups is a constant value II*l& + CI. 
If there is at least one execution group belonging to the 
second category, the time difference between these two groups 
is II*'c&. Thus, the utilization matrix K should satisfy the 
conditions 

X i  ( k j )  I rI*ldj for d j  E D1 n D e .  

(4.1) 
Similarly, the matrix K should also satisfy the following 
constraints 

De and 

Xi ( k j )  I for d j  E D2 n De.  

(4.2) 
Consider the Example 2.1. Let S = [ The dependence 

L -  - - A  
vector matrix is 

By solving the equation S D  = P K ,  i.e., 

[ b - d  b d 2 b - d  
a - c  a ' " - " I =  

we have one possible solution: 

S =  [' '1 and K =  
0 -1 

- 0 0 0 0  
1 0 0 1  
0 0 0 0  
0 0 0 0  
0 0 0 0  
0 0 0 0  

' 0 0 1 0  
0 1 0 1  

-0 0 0 0 

All the indexes can be mapped by the space transformation 
function S. Each index j is assigned onto one processing cell 
S j  as shown in Fig. 6. After mapping index 3 into a processing 
cell (x ,y) ,  if the execution of index 3 depends on another 
index j '  by a dependence vector di,  then the cell (z,y) has 
two links with direction Sdi as its input link and output link. 
For instance, in Fig. 1 the execution of index (1,2) depends on 
the execution of indexes (0,3) and (0,2) with the dependence 
vectors 4 = (1, - l ) t  and d 2  = (1, O ) t ,  respectively. Since 
the index (1,2) executes on cell (1, -2), the cell should connect 
links with direction SG = ( 1 , l )  and Sd1 = (1,O). These 
links can be determined by the utilization matrix K.  That is, 
there is a link in the direction of p j  if the value of k,i is 1. The 
structure of array processors is shown in Fig. 6. For receiving 
data at the right time, the detail structure of each cell with 
delay buffers are shown in Fig. 7. 

By applying the above space transformation, the processors 
size is equal to the number of iterations in original For- 
loops algorithm. This makes it impossible in technique and 
cost considerations. In practice, the number of iterations is 
usually larger than the number of processing cells. In the next 
subsection, we will pay attention to the problem of how to 
partition the mapped For-loops algorithm into bands such that 
each band can be executed on fixed size array processors. 

B. Partitioning Algorithms into Fixed Size Systolic Arrays 

In this subsection, we first introduce our approach to the 
partitioning problem of Example 2.1 and then discuss the 
general case. We want to map the For-loops algorithm in 
Example 2.1 into a VLSI array with M processors and assume 
that the program size N >> Ad. For instance, assume M = 6 
and the index space is 

Then the problem size is N = 12 x 12 = 144. Assume 
there are two partitions J: and 522 on the innermost For-loop, 
where 

51" = {(ji,j2)10 I j~ I 1 1 , O  I j 2  5 5) and 

Ji {(jilj2)10 I ji I 11,6 5 j z  I 11). 
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row 1 

row 2 

row 3 

row 4 

row 5 

row 6 

hj index&] executing at processor cell number (x,y) 

The cells organization for implementing Example 2.1. Fig. 6. 

A possible solution to this problem is illustrated in Fig. 8. We 
select the partitioning transformation I I p  to divide the index set 
L( J )  in bands such that each band requires only six processors, 
three for performing the addition operations of index points in 
set J: and three for performing the multiplication operations 
of index points in set J i .  Note that we evenly distribute equal 
size of processors to each partition if the number of iterations 
of Jf and J$ is equal. The band boundaries must satisfy the 
following equation: 

IIpj mod 3 = 0 for E J t ,  and 

IIpj mod 3 = 0 for j E J i .  (4.3) 

Equation (4.3) assumes that at any given moment no more 
than six index points in index set J are processed, in which 
three belong to index set J; and three belong to 5;. Let 
I I p  = ( 2 , l )  and select the time transformation functions 

II'? = (1, O)? + Cj for 3: E J t  
$7 = (1, I)? + C; for j E J; 

and 

which determine the sequence of computations inside the 
bands. Each band is swept by lines whose equation is II'j = 
constant for j E J; and I12? = constant for j E 5:. All 
index points along each such line are executed simultaneously, 
and notice that there are at most three such points on each line 
inside one band. Inside each band, the indexes are executed 
in a partial ordering imposed by the time transformations 
II' and I12. In Fig. 8, we mark the computation order of each 
such line by a positive integer aside it. The time hyperplanes 
II' and 112 together with the partitioning hyperplanes I I p  
which partitions the original For-loops algorithm and map it 
onto an array with only six processors. Each index will 
be assigned to a band numbered b = [(IIpj)/3j and the 
processor Pi for executing index j is determined by the 
formula i = IIpi mod 3.  For example, index point (1,3) is 
allocated to processor P2 in band 2. 

Consider Fig. 9, for a given band B1, the data generated 
by index point jl E 5; n J" should be used by another index 
point j 2  E J i  n J" in the near neighbor band B2. Thus, these 
data should be transferred from processor numbered P2 to 
the shift registers FIFO B'. Similarly, the data generated by 
index point j2 E 522 n J" should be transferred from processor 
Pi to FIFOA' used by the index j1 E J; n J" in the near 
neighbor band. Moreover, the data generated by index j1 E Jf 
in band B1 may be used by another index 3; E J: in band 
B2. These data should be transferred from processor P2 into 
shift registers FIFOA for use at the execution of band B2. All 
the indexes can be checked that they can be processed with 
a correct executing order under our partitioning method. The 
maximum number of locations inside the FIFO A and FIFO 
B are both 6 .  In general, this number is related to the size of 
the problem. 

The problem we address now is to map the n-depth For- 
loops algorithm into the systolic arrays with n - 1 dimensions. 
Assuming that the processor size is M = ml x ma x 
. . x m,-l and the problem size is N ,  where N >> M ,  we 
can easily partition the iterations into bands by the following 
partitioning algorithm. For simplicity, we assume that the size 
of p partitioned index sets are equal. 

Input: An n-depth For-Loops with p partitions on the inner- 
most Loop. 
Output: A parallel executing sequence that the number of 
concurrently executing indexes is less than or equal to the 
number of processors. 

Algorithm: Mapping and Partitioning Procedure 

Step 1: 

Step 2: 

Step 3: 

Select p nonlinear transformation functions no, II' , 
. . . , IIP-' by applying the Nonlinear Transforma- 
tion Algorithm. 
Generate all possible utilization matrices K which 
satisfy conditions (4.1), (4.2), and (4.3). 
Find all possible space transformations S which 
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Fig. 7. The detail layout of each cell in Fig. 6. 

satisfy the conditions 
a) S can be solved from equation SD = PK. 
b) The transformation matrix T = [:I is non- 

Step 4: For each valid transformation T, the partitioning 
hyperplanes IT,; are given by the row of matrix S 

singular. 

Step 5: Partition the index set J into bands such that each 
index j in band boundaries satisfies the equation 

( I Ip i j  ) mod mi = 0 
( I I p i j )  mod (mi/p) = 0 

for 1 5 i 5 n - 2 and 
for i = n - 1. 

Step 6: From all the possible transformations select the one 
which requires the least number of bands. 

Step 7: The mapping of indexes to processors is as follows: 
each index point is processed in a processor 
whose ith coordinate is II,ij mod mi. 

Note that index point j is partitioned into band Bt,lb2...b,-1 

whose ith coordinate bi is LITpij/3]. A possible policy that 
orders the execution of bands in a lexicographical manner can 
be selected by the same way described by Moldovan [ll]. 
That is, for fixed I I p l ,  . + , I Ip(n-a)  execute all bands given by 
ITp(n-l)  then change I I p ( n - 2 )  and execute all IIp(n-l) again, 
etc. 
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Fig. 9. Partitioned index set of Fig. 8 is mapped onto six processors with 

FIFO queues. 

V. CONCLUSION 
In this paper, we propose a nonlinear transformation algo- 

rithm to solve the For-loops with partitions on the innermost 
loop. For each partitioned index set JT, we select a nonlinear 
transformation function IIZ to map all the indexes onto a 
parallel execution form. All the indexes j E JT satisfy the 
equation IIzj = C can be processed concurrently, where 
C is a constant. Furthermore, the structure of the ( n  - 1)- 
dimensional systolic arrays for implementing the mapped 

algorithm is also constructed. For a selected space mapping 
function S ,  the layout of each cell in the systolic array can 
be determined. A n  index 3 E JT can be processed with an 
order IIij on the cell numbered S j .  Besides, the partitioning 
algorithm is also presented for executing the mapped algorithm 
on the fixed size array processors. We select partitioning 
functions which partition the iterations into bands such that 
there are at most m iterations concurrently executing on the 
array processors with size m at any given moment. 
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